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Influenceof ImpellerShroud
Forceson TurbopumpRotor
Dynamics
The shrouded-impeller leakage path forces calculated bY Childs (1987) haue beer
analyzed to answer two questions. First, because of certain characteristics of th_
results of Childs, the forces could not be modeled with traditional approaches
Therefore, an approach has been devised to include the forces in conuentiona.
rotordynamic analyses. The forces were approximated by traditional stiffness, damp-
ing and inertia coefficients with the addition of whirl-frequency-dependent direc[
and cross-coupled stiffness terms. The forces were found to be well-modeled with
this approach. Finally, the effect these forces had on a simple rotor-bearing system
was analyzed, and, therefore, they, in addition to seal forces, were applied to a
Jeffcott rotor. The traditional methods of dynamic system analysis were modifiea
to incorporate the impeiler forces and yie/ded results for the eigenprob/em, frequency
response, critical speed, transient response, and an iteratiue technique for finding
the frequency of free uibration as we//as system stability. All results lead to the
conclusion that the forces have little influence on natural frequency but can have
appreciable effects on system stabifity. Specifically, at higher values of fluid swiri
at the leakage path entrance, relatiue stability is reduced. The only unexpected
response characteristics that occurred are attributed to the nonlinearity of the mode/.
Introduction
The vibration of centrifugal pumps has received increasing
attention recently because of the inability of current analysis
techniques to adequately predict the dynamic characteristics
of pump designs. Failure to accurately predict vibrations has
resulted in the loss of considerable amounts of money in down
time from severe vibration problems. Massey (1985), for ex-
ample, described an eleven-stage pump that became unstable
when its running speed exceeded its critical speed by 25 percent.
In other words, it whirled at 80 percent of running speed.
Another example occurred in the High Pressure Oxygen Tur-
bopump (HPOTP) of the Space Shuttle Main Engine (SSME)
which also whirled at 80 percent of running speed (Childs and
Mayer, 1985).
The hydrodynamic forces generated in many of the fluid-
filled gaps within the pump are well-established contributors
to the problems cited above. This article is concerned specif-
icadly with the forces developed along the leakage path between
the impeller and the shroud, as shown in Fig. 1. As the fluid
is discharged from the impeller, some will return to the lower-
pressure, suction side by way of this leakage path. Leakage is
minimized typically with wear ring seals, as shown. Hydro-
dynamic forces are developed along the entire leakage path,
i.e., the shroud section as well as the seal. Note that these are
only parts of the total force on the impeller and that the
impeller/volute region, balance drums, inducers, shaft, etc.
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also contribute to the dynamics of pumps, although they are
not considered here.
Unfortunately, measurements of the total force on actual
impellers have typically been obtained using pumps that have
been modified to minimize leakage path forces. However, some
results have been reported that are of importance here. For
example, research at Cal Tech (Adkins, 1976) led to the con-
clusion that the pressures in the shroud annulus contributed
from about 50 percent to 75 percent of the total stiffness acting
on the impeller. The pump used included separation rings and
an enlarged shroud clearance space to minimize leakage flow
forces.
Bolleter et al. (1985) used a rocking-arm mechanism to ver-
tically translate the spinning impeller. Their pump had normal
clearances in the leakage path; and, therefore, the forces meas-
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Fig. 1 Typical seal configurations for a multistage pump
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ured were more realistic. The results demonstrated that the
nondimensionalized cross-coupled stiffness value was about
twice that measured on the pump at Cad Tech (Jery et at.,
1984). This suggests that the leakage path region in pumps can
also reduce the stability of impeller motion. Bolleter et at.
(1989) have recently presented extensive force-coefficient re-
salts at off-design conditions.
Almost all of the analytical attempts at predicting leakage
path forces have been concerned with seals. However, Childs
has extended his previous techniques in seal analysis (1980, 81,
82a, 82b, 82c) to apply them to the flow within the clearance
space surrounding the shroud (1987). His work will be used
to model the seal and shroud forces in this article and will now
be summarized.
Childs used a buik-flow approach to obtain the governing
equations of the flow of a differential element of fluid. In the
seal problem, three equations were required: axial- and cir-
cumferential-momentum equations as well as the continuity
equation. In the shroud problem, the axial-momentum equa-
tion was replaced by a path-momentum equation, introducing
additional terms which described the centrifugal and Coriolis
accelerations of the fluid element. After a perturbation ex-
pansion of the equations in the eccentricity ratio, the resulting
relationships were solved at various values of the whirl fre-
quency, ft. Integration of the resulting pressure distribution
acting on the shaft or shroud yielded the radial and tangential
force as functions of whirl frequency. In addition, solution
was carried out at various fluid circumferential velocities at
the shroud entrance. This variable is of primary importance
in system stability (cross-coupled stiffness). Figure 2 shows the
results of the shroud problem for three different values of the
inlet swirl velocity. The leakage path analyzed corresponded
to that used by Bolleter et ai. (1985) which ran at 2000 rpm.
Figure 3 provides the dimensions of the pump and other data
of importance. The curves in Fig. 2 define force coefficients
corresponding to a circular orbit of amplitude and whirl fre-
quency ratio f. The impeller force components are linearly
proportional to the orbit amplitude A. The sharp deviations
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Fig. 2(b) Tangential forca coefficient curves (Chllds, 1987)
in the radial and tangefitial force coefficients of Fig. 2 are
caused by excitation of a "centrifugal-acceleration mode" nat-
ural frequency. Childs (1990) has presented results for damped
natural frequencies and eigenvalues for these modes.
Nomenclature
C_=CQ_ = nondimensionaldi-
Fo rect damping coeffi-
cient
c'=cQ_, _ nondimensionalized
Fo cross-coupleddamp-
ingcoefficient
P,/,=_ = nondimensionalized
radial and tangential
forces on the rotor
F0 = 2R,LAP = (Childs, 1987)(F)
f=--fl = whirl frequency ratio
/¢=KQo = nondimensionalized
F0 directstiffnesscoef-
ficient
K" = directstiffnesscoef-
ficientwhichisa
functionofthewhirl
frequencyratio(F/
L)
/_=k_Qo = nondimensionalized
F0 cross-coupled stiff-
ness coefficient
(Childs, 1987)
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k* : cross-coupled stiff-
ness coefficient (inlet swirl ratio)
which is a function (Childs, 1987)
of the whirl Ire- x, y = rectangular coordi-
nates of rotor center
quency ratio (F/L)
L = length of seal or im- (L) :..........
peller-shroud path Z = complex rotor whirl
(L) amplitude (L)
371 MQo_ zfx+jy = complex rotor coor-nondimensionalized dinate (L)
Fo directmass coeffi- _b= phaseangleof whirl
cient(Childs,1987) from harmonic exci-
Q = rotorwhirlradius ration
(L) fl-- rotorwhirlfre-
Qo = clearanceatleakage quency (I/T)-
path entrance(L) _0.= naturalfrequencyof
_-----Q= clearanceratio freevibration(I/T)
Q0 _, = shaftspeed (I/T)
R = rotorwhirlampli- L = shroudleakagepath
rude(L) coefficientsubscript
RL., = inletradiusof r = rotorcoefficient
shroudleakagepath subscript
or seal(L) s = sealcoefficientsub-
script
utL/s = nondimensionalized sh = shaft coefficient sub-
,L/, = RL-'--_s tangential fluid re- script
locity at leakage none = overall coefficient
path or seal entrance subscript
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Pump data
shaft speed = t_s = 2000 rpm
inlet clearance ffiQo = 3.55 ram
impeller exit angle ffi2Z5 o
flowrate ffi130 I/see
head developed = 68 m
seven-bladed impeller
worldag fluid is water at 80 °F
Fig. 3 Olmenslons and data for the pump tesled by Boileter et al (Boi-
leter e! el, 1985)
In the articles cited above, Childs initially suggested the
following conventional, linear relationship to model the forces.
It applies for small motion of the rotor about the centered
position.
-I;:t: s]I;l+[ s]I;l+[ I;l.
(I)
If circular whirl at frequency, fl, and radius, Q, is assumed
such that
x = O cos fit, (2)
y = Q sin fit,
the radial and tangential force components can be stated
(a)
After nondimensionalizing the terms as defined in Childs
(1987), Eqs. (3) become
:-'= -e:-R
(4)
:, _/+£
where the definitionsof the coefficientsare included in the
Nomenclature and the other variablesare defined as follows.
F
:=_, nondimensionalized force
4=-_-Q, nondimensionalized clearance
f= fl, whirl frequency ratio
O_
p
_, force coefficient.
The quadratic relationships of equations (4) are to be used to
obtain the dynamic Coefficients of equations (1). Specifically,
a least-squares curve fit of the force curves will yield the coef-
ficients. This is an adequate approach for seal forces because
they, in general, do follow a quadratic trend. However, the
curves of Fig. 2 illustrate that shroud forces cannot be ap-
proximated by equations (4); and, therefore, a traditional lin-
ear model as expressed in equations (1) will not adequately
represent the forces. Although these results are unexpected,
experimental measurements made by Franz and Arndt (1986)
of impellers with inducers yielded very similar results.
Problem Definition
At this point, it is not known, assuming the force curves of
Fig. 2 are valid, how they can best be included in traditional
rotordynamic calculations of stability, response, critical speeds,
etc. To solve this problem, the present research has been con-
ducted to answer the following questions.
(I) How can the force curves found by Childs (1987) be
incorporated in the traditional rotordynamic analyses
of system response, stability, critical speeds, etc.?
(2) What effects do the forces have on a rotor-bearing
system with respect to stability, natural frequencies,
imbalance response, etc.7
Before answering these questions, observe that the forces pre-
sent no new problems in a transient analysis because they could
be applied as whirl-frequency-dependent forcing functions to
a simple rotor model such as that developed by Jeffcott (1919).
Although the force components are linearly proportional to
the orbit amplitude, the equations of motion would be non-
linear because the forces depend on the whirl frequency, de-
fined kinematically as
f=-- = (5)
: : w= w,(x_+fl) '
but this could be handled by integrating the equations of mo-
tion numerically with traditional methods. However, a tran-
sient analysis alone is not sufficient to obtain an understanding
of the forces, and this is why answers to the questions posed
above are necessary. The following section describes the model
used to analyze the shroud forces, and results are then given
for the eigenvalue problem and frequency response, respec-
tively.
Rotordynamic Model
As shown in Fig. 4, the model is a Jeffcott rotor (Jeffcott,
1919) under the application of seal and shroud forces. The
rotor itself represents a double-suction impeller, yielding two
symmetrical leakage paths. In summary, the forces on the rotor
are the shaft stiffness, two identical seal forces, and two iden-
tical shroud forces. The mathematical representation of each
force will now be discussed.
A 90.7 kg (2001b) rotor is assumed. In addition, the shaft
stiffness used (Ks_ = .2987 MN/m) makes the natural frequency
of forward whirl (to be defined later) equal to 80 percent of
shaft speed. This choice is not completely arbitrary since this
frequency corresponds to that observed in the examples cited
in the Introduction (Massey, 1985; Childs and Moyer, 1985).
The seals modeled are smooth, wear ring seals with a clear-
ance and diameter of .36 mm and 236 ram, respectively. The
least-squares approach of Childs described earlier has been
carried out, and the resulting dynamic- Coefficients are given
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Table 1
M, C, c, I K,kg Ns/miNs/m MN/m
.3111 3356.0 78.6 .6121
.3398 2167.0 89.6 .5443
.3714 970.9 101.3 .4755
Coefficients for one wear ring seal
MN/m
.4628
.4611
.4455
inTableI.The analysis usedhas at timesunder-predictedthe
truevalueofthedirectstiffness.Therefore,Ksisdoubledwhen
thecoefficientsof theentiremodel areassembled.Thismod-
ificationfK, has no influenceon theresults,sincetheshaft
stiffnessi selectedtoyieldadesiredsystemnaturalfrequency.
As describedin the introduction,conventionalstiffness,
damping and mass coefficientscannotcompletelydescribethe
impeller-shroudforcescalculatedby Childsand shown inFig.
2.Therefore,thefollowingmethod has been devised.First,a
curvefitof the forcecurvesiscarriedout,yieldingdynamic
coefficientswhichdescribethequadraticvariationofthefot_eg
withrespecto thewhirlfrequencyratioas describedabove.
The differencebetweenthesecurvefitsand the actualforce
curvesismodeled by directand cross-coupledstiffnesscoef-
ficientswhicharefunctionsofwhirlfrequencyratio.The math-
ematicalequivalentof thisapproach willnow be discussed.
The followingmodifiedformsof equations(4)expressthe
method withwhichtheimpeller-shroudforcesaremodeled.
P, - 2
- =Mj -elf-[JCL (f)l
I, - C_Lf+ [/_L+/_° (f)], (6)4
where/_" and _" represent the nondimensionalized deviations
between the force curves and the approximating quadratic
expressions. Figure 5 illustrates/_° and/_°, respectively. Note
that, although they represent forces proportional to displace-
ment, they are not traditional stiffness coefficients since they
are functions of whirl frequency ratio. Separating the force
coefficients into whirl-frequency-independent and whirl-fre-
quency-dependent terms does not introduce any approximation
to the force definitions. Equations (1) are now rewritten as
I: °J +
[,<<+,<.o,>,.+.o,>1{;1+ _xcL_#c,0,)KL+K.0,). I . (7)
In a mathematical sense, the tangential force accounted for
by k" could be modeled as a damping coefficient; however,
the result of Fig. 5(b) confirms the wisdom of modeling the
deviation of the tangential-force coefficient by a whirl-fre-
quency-dependent cross-coupled-stiffness-coefficient. Specif-
ically, k' oscillates about zero and approaches zero as the inlet
swirl ratio is reduced. Finally, observe that equations (7) are,
°'I'=:'°I
//t
070.0
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Fig. 5(a) Dependency of K" on whirl frequency ratio
in general, nonlinear differential equations. To understand this
statement, recall that the general definition of the whirl fre-
quency ratio, f, is given in equation (5). If the rotor precession
has a constant radius and rate,./'is a constant and the motion
is linear. However, for general motion, f is variable and a
function of the motion.
After performing the asymptotic least-squares curve fit to
Fig. 2, the resulting coefficients of equation (6) are given in
Table 2.
In summary, the following equations represent how the over-
all coefficients for the model are defined.
M=M,+ 2(M,+ Mt.)
c= 2(c,+ cD +'_
c= 2(cs+cD (8)
K= K,, + 2(2K, + Kt.) + 21(" = _ + 2K"
k=2(k,+ kL) + 2k" =-k+ 2k,.
Particularcoefficientsare doubled becausethereare two
sealsand two leakagepathsin a doublesuctionpump. The
quantity,_, must he added to themodel toyieldreasonable
stability.Ifthee/genvaluesof theoverallsystemareobtained
withoutaddingC, thesystemisfound tobe unstable.There-
fore,by adding anotherdamping term (_= 10,422Ns/m),
reasonablestability,which isconsistentwithoperatingpump
experience,isensured.The followingequationrepresentsthe
completemodel used tomodel the forceson therotor.
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Table 3 Coefficients Ior overall model
M C e K k
kg Ns/m Ns/m MN/m MN/m
98.240 21208 2097.1 2.8827 1.5549
98.298 18830 2119.1 2.6115 1.5494
98.361 i6438 2142.4 2.3363 1.5184
Table 4 Natural frequencies of free vibretion for the pump model with
and without K" and k"
UtL co,, with
¢,de
K ° and k"
co..2."without
Us
K" and k*
Percent
Decrease
•5 .747 .727 2.68%
•6 .777 .724 6.82%
•7 .800 .715 10.63%
°l J
I
iL=- 
-2 -I 0
Fig. 6
I 2
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Real part o| the elgenvalues for the Iorward-whlrl mode
Fig. 7
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Imaginary part o! the elgenveluea Ior the forward-whld mode
+ -k(f) K(f)J = . (9)
Table3containsthenumericalvaluesforthisanalysis.These
coefficientscombinetomake thedamping fortheuncoupled
system,definedbyC/2_-M, equalto63percent,59percent,
and 54 percentof criticaldamping forthe threeswirlratios
shown, respectively.Again,/_"and _r.areillustratedinFig.
5 and aredefinedanalyticallywithcubic-splinecurvefits.
Natural Frequency Determination
The characteristic equation for Eq. (9) is
[M_2+C_+K(f)]2+[c$+k(f)]2=O, (lOa)
where _ = s/c_. For each whirl-frequency ratio f, two pairs of
complex conjugate roots of the form
_=a_d:l_i; i= 1,2 (10b)
can be calculated corresponding to forward and backward
whirling modes. The concern here is finding the natural fre-
Table S Real parts of the elgenvelues Ior the model with and without
K" and k"
utL
.5
.6
.7
Real part with Real part without Percent
K" and k" K" and k* Decrease
1 see I/sec
-55.9 -60.3 7.87%
-31.1 -47.2 51.80%
-13.8 -34.5 150.00%
quency for forward whirling motion. Figure 7 illustrates the
eigenvalue solutions to Eq. (10a) versus f.
Free whirl of the rotor occurs only when the imaginary part
of an eigenvaiue equals the whirl frequency ratio f in Fig. 7;
i.e., )_2=f. The three points at which the kz =f line intersects
the k(f) curves defines the forward-whirl natural frequencies
for the three inlet swirl ratios. The real part of the eigenvalue
at this natural frequency defines the rotor's damping.
To find the "natural frequency" and damping of free whirl,
the following iterative technique has been used. First, a whirl
frequency ratio is assumed. From this value, the corresponding
values of K and k are obtained from the data shown in Fig.
5 from which the eigenvalues are found using Eq. (10). These
first two steps are equivalent to finding a point on the curves
of Figs. 6 and 7. The imaginary part of the forward-whirl
eigenvalue is compared to the whirl frequency used. If they
are the same, the natural frequency at which free vibration
takes place is defined. If they are different, the imaginary part
of the forward-whirl root becomes the assumed whirl frequency
ratio, and the same steps are carried out until convergence
occurs. Note that this calculation procedure yields the damped
natural frequency for the system.
Tables 4 and 5 show results of the above algorithm. Also
included are the eigenvalues of the same model neglecting K"
and k*, which correspond to a pure quadratic approximation
of the leakage path forces as in equations (4). The eigenvalues
illustrate at least two important conclusions about the effects
of the values of K* and k*. First, the natural frequency in-
creases when K* and k* are included as well as when the swirl
ratio is increased. The variation of K* in Fig. 5 explains these
observations. More importantly, the percent differences be-
tween the two models show that the values of K* and k* have
very little effect on natural frequency. Second, stability is re-
duced when K* and k* are included and when the swirl ratio
is increased. The variation of k* in Fig. 5 is the cause of these
observations. Finally, the percent differences between the two
models shows that K* and k" can cause appreciable reductions
in relative stability.
To show that the StabiIiw and frequency of free vibration
are determined only by the root obtained from the iterative
approach described earlier, the equations of motion (9) were
integrated in a series Of transient, free-vibration simulations.
Initial conditions were an initial displacement of. 127 nun (.005
in) and velocity equal to RLws (synchronous whirl). Figure 8
includes the resulting orbit and a time history of the whirl
frequency ratio for free vibration and an inlet swirl ratio of
0.7. As shown, the rotor executed a well-damped spiral orbit.
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The whirl frequency ratio of the orbit was exactly 0.8, which
corresponds to the natural frequency found earlier. The other
two swirl ratios yield similar results.
To verify that the stability of the model is described only
by the real part of the eigenvalues obtained with the iterative
approach described above, the direct damping coefficient was
reduced by 12.5 percent producing a range of unstable eigen-
0.02'
001
i
_ 0._
_ ..0.0!
,'0.02 I
-0.'01 0.00 0.01
x-C_edinm_h_xl in_ Oemece (ND)
0.0'2
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also tried. Using a stable value of 0.Tws, for example, the
values as shown in Fig. 9 where the real part of the forward- response did n0t behaye !n the same manner; instead, the orbit
whirl root is positive between whirl frequency ratios of 0.41
and 0.57. The natural frequency of this altered model corre-
sponds to a stable eigenvalue and is .825wr Integration of the
equations of motion were altered to include a harmonic forcing
function with an amplitude of 5N which forced the rotor in a
circular direction at a frequency of .Sws. Figure l0 includes
the resulting orbit, whirl frequency ratio time history, and a
Fast Fourier Transform (FFT) of the x-coordinate, respec-
tively. Even though the forcing frequency was within the un-
stable range of frequencies, the figures show that the system
was stable in that its orbit did not grow without bound. The
loops and limit cycle behavior are the results of the nonlin-
earities in the model. The FFT shows that the steady state orbit
consisted of response at both the forcing frequency, .Sw, and
the natural frequency, .825ws. Other forcing frequencies were
reached a steady state circular path at the excitation frequency
as would be expected from a linear system. However, forcing
at .375,1,, the characteristics of the results from forcing at .Sw s
occurred again, as can be seen in Fig. 11, which again contain
the orbit, time history of the whirl frequency ratio and an FFT
of the response. Only forcing frequencies below and within
the unstable zone resulted in this behavior. Only when the
direct damping coefficient was reduced until the natural fre-
quency corresponded to an unstable eigenvalue did the re-
sponse become unstable in a linear sense, where the orbit grew
without bound at the natural frequency. The fundamental
result from this analysis is a verification that a range of whirl
frequencies yielding eigenvalues with positive real parts does
not cause the system response to grow without bound unless
it includes the system natural frequency. In addition, the non-
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linearities of the system can causea limit cycle to occur under
certain conditions.
Finally, the critical speed of the rotor cannot be calculated
unless force curves are available at other shaft speeds. In this
case, the natural frequency is calculated with the iterative
method just described, but at a number of shaft speeds. A
plot of natural frequency asa function of shaft speed is then
drawn, analogous to "critical speedmaps" in fluid-film bear-
ing analysis. The critical speed is defined as the speed where
the natural frequency is equal to the shaft speed.
Frequency Response
As discussed earlier, the following are the equations of mo-
tion of the model
+ -k(f)K(f)J =r_sinflt 3, (11)
2OO
leO-
&
r O
<
-100 '
.20C
-2
Fig. 13
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Frequency response: phase angle
where the right-hand side represents a harmonic forcing func-
tion appropriate to frequency response analyses. As in tradi-
tional methods, the transient solution is assumed to decay with
time, and only the steady-state response of the rotor is con-
sidered. Obviously, frequency response solutions are only valid
when the system is stable, precluding the type of response
illustrated in Figs. 10 and 11. The forcing frequency is defined
by fl which has been used to represent whirl speed. Since the
steady-state motion is assumed to occur at the same frequency
as the excitation, this should not cause confusion. Note that
the model is now linear because the whirl frequency ratio and,
hence, the stiffnesses are constant. Multiplying the second
equation by the complex number i, the equations can be com-
bined into one in terms of the complex variable z.
Mk+ (C-ic)k + (K-ik)z=Fe _. (12)
Assuming steady-state motion of the following form
z = Rd*, (13)
where R denotes the whirl amplitude, and _ is the phase angle
yields
R K
F/K 4[K_M_+c1212 + [CC__k]2 (14)r .co 1
tan-' L m] •
Equations (14) were solved using the present model data,
and the results for a swirl ratio of 0.7 are shown in Figs. 12
and 13. Also included are the same results for the model with
K* and k* neglected.Again,inobtaining frequencycurvesas
shown inFigs.12and 13,thestiffnesstermsmust becalculated
atthecorrespondingwhirlfrequencyratio.
The swirlratioof0.7,usedinFigs.12and 13,exhibitedthe
largestvariationinamplitudeand phaseatthewhirlfrequency
ratioof .80,thesystemnaturalfrequency.An amplitudedif-
ference of about 60 percent is shown between the curves, sug-
gesting that K ° and k ° have significant influence on the system
primarily at this frequency. The swirl ratios of 0.6 and 0.5
exhibited similar but decreasing results in both the amplitude
and phase curves, having differences in amplitude at the peak
value of 35 percent and 6 percent, respectively. In fact, the
curves were almost identical in the case corresponding to a
swirl ratio of 0.5. Note that these resonance peaks occurred
in all cases at the corresponding natural frequencies found in
the previous section, further verifying the preceding results.
The difference in the response to synchronous imbalance ex-
citation (f= 1) between the two models is small, and this sug-
gests that the leakage path forces have negligible effects on
imbalance response. However, the presence of a subsynchron-
pus excitation near the natural frequency can result in large
increases in response amplitude when k ° is included.
Summary and Conclusions
The impeller-shroud forces have been separated into (a) con-
stant (whirl frequency-independent) stiffness, damping and
mass coefficients and (b) direct and cross-coupled added stiff-
ness coefficients which are functions of whirl frequency. With
this approach, the model can be analyzed Using traditional
techniques with a few modifications. A new iterative technique
was used in the determination of the rotor's natural frequency
and damping. The whirl-frequency-dependent stiffness terms
were seen to be convenient and effective models for the im-
peller-shroud force nonlinearities.
When the values of the added stiffness coefficients, K ° and
k*, were included in addition to the frequency-independent
coefficients, a number of effects resulted. First, the natural
frequency was seen to increase by a small amount, suggesting
that K* could be neglected when only the natural frequency
is important. In addition, the stability is seen to decrease when
k" is included. This effect is appreciable, so stability calcu-
lations should include k*. The frequency response analysis
showed synchronous response to imbalance is increased by the
stiffnesses although by only a small amount. Appreciable dif-
ferences in response due to subsynchronous excitation occur
only at or near the natural frequency and become negligible
at low values of the inlet swirl ratio.
The nonlinearity introduced by the whirl-frequency-de-
pendency of the force coefficients resulted in limit cycles and
nonsynchronous response in some cases.
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PressureOscillationin the
Leakage Annulus Betweena
Shrouded Impeller =nd Its
HousingDue to Impeller-
Discharge-PressureDisturbances
An analysis is presented for the perturbed flow in the leakage path between a
shrouded-pump impeller and its housing caused by oscillations in the impeller-
discharge pressure. A bulk-flow model is used for the analysis consisting of the path-
momentum, circumferential-momentum, and continuing equations. Shear stress at
the impeller and housing surfaces are modeled according to Hirs" turbulent lubri-
cation model. In the present analysis, perturbations of the impeller discharge pressure
are used to excite the fluid annulus. The circumferential variation of the discharge
pressure is expanded in a Fourier series up to order n_, where nl is the number of
impeller blades. A precession of the impeller wave pattern in the same direction or
opposite to pump rotation is then assumed to completely define the disturbance
excitation. Predictions show that the first (lowest-frequency) "centrifugal-accel-
eration" mode of the fluid within the annulus has its peak pressure amplitude near
the wearing-ring seal. Pressure oscillations from the impeller can either be attenuated
or (sharply) magnified depending on: (a) the tangential velocity ratio of the.fluid
entering the seal, (b) the order of the fourier coefficient, and (c) the closeness of
the precessional frequency of the rotating pressure field to the first natural frequency
of the fluid annulus, and (d) the clearance in the wearing-ring seal.
Introduction
The present work is stimulated by experiences with the SSME
HPFTP (Space Shuttle Main Engine, High Pressure Fuel Tur-
bopump) wearing-ring seals. A stepped, 3-cavity, tooth-on-
rotor, labyrinth-seal design is used. The stator for the seal is
made from KEL-F, a plastic that is somewhat similar to nylon.
In some cases, post-test inspection of the stator element has
revealed that interior points in the stator material have melted
and then resolidifled, despite being in contact with liquid hy-
drogen. One hypothesis for this exceptional outcome was that
the material had been subjected to cyclical stresses which gen-
erated heat due to hysteresis. Because of poor conduction
properties of the material, the heat could not be dissipated,
the temperature rose, and melting resulted. "What pressure
oscillations are driving the cyclical stresses?", is an obvious
question in reviewing this scenario. The present analysis ex-
amines "centrifugal-acceleration" modes, arising between the
impeller shroud and its housing and driven by pressure oscil-
lations from the pump, as an answer to this question.
_The work reported herein was supported by NASA Marshall Space Flight
Center under contract NAS 8-37821; contract technical monitor: James Cannon.
Contributed by the Fluids Engineering Division for publication in the JOURN_U.
or FLUZDSEr_GmEE_G. Manuscript received by the Fluids Engineering Division
August 20, 1990.
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Figure 1 illustrates an impeller stage of a multi-stage cen-
trifugal pump. Leakage along the front side of the impeller,
from impeller discharge to inlet, is restricted by a wearing-ring
seal, while leakage along the back side is restricted by either
an interstage seal or a balance-piston discharge seal. The pres-
ent analysis considers perturbed flow in the leakage paths be-
tween the impeller-shroud surface and its housing.
Prior analyses by the author of those annulli have been
concerned with lateral (1987, 1989) and axial (1990a) reaction
forces developed by the impeller shrouds as a consequence of
harmonic clearance changes due to impeller motion. These
analyses have been based on "bulk-flow" models which neglect
the variation in the dependent variables across the fluid film.
The model consists of the path and circumferential momentum
equations and the continuity equations.
The analyses cited have yielded force and moment coeffi-
cients due to impeller motion but have also predicted "reso-
nance" phenomena, which are caused by the centrifugal-
acceleration body forces present in the path momentum equa-
tions. An algorithm was developed (1990b) to calculate the
complex eigenvalues and eigenvectors associated with these
resonances. In the present analysis, the harmonic response of
the flow within the annulus is examined due to time and cir-
cumferential variations in the discharge pressure of the im-
peller.
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WEAR RING
SEAL
IMPELLER SHROUD
_
Fig. 1 Impeller leakage palhs
Geometry and Kinematics
Figure I illustrates the annular leakage paths along the front
and back sides of a typical shrouded impeller of a multistage
centrifugal pump. The present discussion concentrates on the
flow and pressure fields within the forward annulus; however,
the analysis can also be applied to the rear annulus. 2 As il-
lustrated in Fig. 2, the outer surface of the impeller is a surface
of revolution formed by rotating the curve R = R(Z) about
the Z axis. A point on the surface may be located by the
coordinates Z, R (Z), 0. The length along the curve R (Z) from
ZAhhoughthe leakage flow is normally up the backside of all impellers except
the last irnpeller, the governing equations would continue to be valid irrespective
of the flow direction.
Nomenclature
X
Fig. 2 Impeller surface geometry
the initial point Ri, Z, to an arbitrary point R, Z is denoted
by S and defined by
S= 1+ du= 1 +
_-_) du ( 1)
In the equations which follow, the path coordinate S and
angular coordinate 0 are used as independent spatial variables.
The coordinates Z, R defining the impeller surface are ex-
pressed as parametric functions of S, i.e., Z(S), R (S). The
length of the leakage path along the impeller face is defined
by
L.=. \dZ] du (2)
_'zi 1 +
Governing Equations
Returning to Fig. 2, the path coordinate S and circumfer-
ential coordinate RO are used to locate a fluid differential
A2s, A3_, A2o, A3o = coefficients introduced in Eq. (12)
b = V/R_o = nondimensional velocity ratio
Ca, = discharge coefficient for the exit wear-
ring seal introduced in Eq. (7)
Ci = initial (s = 0) clearance (L)
C, = exit seal clearance (L)
f= fl/w = nondimensional precession frequency
f° = nondimensionalized precession fre-
quency yielding a maximum response
pressure
nt =- positive, dominanf,_fi6fid;_iefi_i0nai,
(nt-n2) precession frequency predicted foran
impeller with nl blades in a diffuser
with n2 blades
h =H/C, = nondimensionalized clearance
H = clearance between impeller shroud and
housing (L)
Ls = leakage-path length, defined by Eq.
(2), (L)
n -- order of Fourier coefficient, intro-
duced in Eq. (13).
p = P/p V 2 = nondimensional static fluid pressure
ps(O,t) = prescribed annulus supply pressure
(impeller exit pressure)
p,(O,t) = prescribed annulus exit pressure
(impeller inlet pressure)
+]
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P = fluid static pressure (F/L 2)
R = radial coordinate (L)
Ri = initial (s = O) radius (L)
r=R/R_ = nondimensionalized radial coordinate
R_= 2HU/v = path-velocity Reynolds number
S = path coordinate introduced in Eq. (I),
(L) ..... 7_ ...............
.......................................... path ]en_ih "
T= L,/V, = representative transit time for fTuTd
traversmg t_ Iea_age path (7') :-_
u_= Us V, = nondimensionalized path fluid velocity
=i*o=lfo/R_ =--fi6-fid_rtensionaiized -c]rc-tim-fe_ntiai
fluid velocity
V_ = initial (s = 0) path fluid velocity
t = perturbation coefficient
oJ = pump running speed (T-l)
fl excitation frequenc_¢ (7"-l)
p fluid density (M/L')
0 = circumferential coordinate
o,, o_ = normalized friction factors, defined by
Eq. (11)
r = rt = nondimensionalized time
= entrance-loss coefficient introduced in
Eq. (7)
v = kinematic viscosity (L27 - |)
Overbars denote complex variables; see Eq. (16). Subscripts 0
and 1 denote zeroth- and first-order solutions, respectively.
Transactions of the ASME
element of thickness H(S, O, t). From Childs 0987), the con-
tinuity equation can be stated
OH (_ 1 0 (H) OR-_'+_-_(UsH)+_(UsH)+ _'_Vs=O (3a)
where Us and Ue are the path and circumferential bulk-velocity
components, respectively. The path and circumferential mo-
mentum equations are stated
c)P UZedR
- II "_= rss+ rs,-pH -_ -_
. [au, aus uo ausu,) (3b)
/aue auo uo aue --_-_) (3c)+pH_:-_ +-_- _ +-_-_U,+ UoU,aRR
Following Hirs' approach (1973), the wall shear-stress defi-
nitions in these equations can be stated
57
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DIMENSIONS IN
MILLIMETERS
mS+ 1ns
mr+ Inr
T -- 2 mr
sr- T PUsRs { l + [(Ue- Roa)/Us]2} 2
m.s+l
to, =2 oUoU,R':[]+(Vo/U,)_f--i
nr mr + l
re,=_ PUs(Ue-Rco)R_'[l +[(Ue-R_)/Us] 21 _ (4)
where
R, = 2HUslp (5)
Nondimensionalization and Perturbation Analysis
The governing equations definethe bulk-flow velocitycom-
ponents (Us, U0) and the pressure P as a function of the co-
ordinates (R#, S) and time, t. They are conveniently
nondimensionalized by introducing the following variables
us=U,/Vi, u,=Us/R_, p=P/pV_
s = S/L_, r = R/R, b = V,/R_
r= (_t, T= LJE- (6)
The present analysis examines the changes in (us, us, p) due
to changes in the impeller's discharge or inlet pressure. Fol-
lowing conventional notation, pressure drops at the annulus
inlet and exit are stated
P,(O,t) - P(O,O,t) = p(l + OU_(O,O,t)/2
P(Ls, 0, t)-Pe(O,t)=pedeU_(Ls,O,t)/2 (7)
Note specifically that the (upstream) supply and (downstream)
exit pressure are now functions of time. Assume that the os-
cillations consist of a small perturbation of the form
Ps( O,t)= Pso+ EP,l(O,t),P,(O,t)= P,o + EP,_(O,t)
and introduce nondimensional variables to yield the following
zeroth
Po(0) =P_o - ( ! - O12
p(l) =p= + Cd,J_( I)/2 (8)
and first-order equations
psl(O,t) -pz(O,O,t) = (l + _)usi(O,O,t)
p! (l,O,t) -Pe_ (O,t) = C,_.uso(l)us_ (l,O,t) (9)
Fig. 3 Example Impeller;, Bolleter et al. (1987)
The perturbed supply and exit pressures Ps) (O,t), p,j(O,t) can
now be specified functions of time and provide excitation for
the perturbed flowfleld within the annulus.
Expansion of the dependent variables of Eq. (3) in pertur-
bation equations yields:
Zeroth-Order Equations
(a) Path-Momentum Equation
dP° 1 (_) _° [ _-_) I dh. Idr] z
_7s-7 -_+ *ods r_J "s°=° 00_)
(b) Circumferential-Momentum Equation
dueo uoo dr
-'_s+'-_" _s + [o,(ueo-r) + a_ueo]/2 = 0 (lOb)
(c) Continuity Equation
rhou, o = 1 (lOc)
The quantities as and o, are defined by
as=(Ls/Ho)X,, o,=(L,/Ho)X, (11)
where Xs and X, are the dimensionless stator and rotor friction
factors:
_+1
= nsR_[ 1 + (ucolbu,o) 2]--7-
mr+ I
X, = nrR_'[ 1 + [(Ueo- r)/bU,ol 2 l---i--
The continuity equation has been used to eliminate du,o/ds
from Eq. (10a). The momentum equations define the pressure
and velocity distributions for a centered impeller position. They
are coupled and nonlinear and must be solved iteratively. The
initial condition for Ueo(O) is obtained from the exit flow con-
dition of the impeller. Zeroth-order pressure boundary con-
ditions are provided by Eq. (8).
Figure 3 illustrates the pump-impeller and shroud geometry
used by Bolleter et al. 0987) in their test program for radial
force coefficients. Their tests were at best efficiency point
(BEP) with the pump running at 2000 rpm, while developing
68m of head and 1301/s of flow rate. The impeller has seven
blades and an impeller exit angle of 22.5*. The test fluid is
water at 26.6*C. For the present study, AP across the impeller
is assumed to be 70 percent of the total head rise of the stage.
Based on pitot-tube measurements, impeller-exit-tangential ve-
locity is about 50 percent of the impeller discharge surface
velocity; hence, Uso - 0.5.
Journal of Fluids Engineering MARCH 1992, Vol. 114 1 63
Table 1 Zeroth-order-solution results; Ci ffi 3.5mm, Cr =
0.36mm
Uoo(O) 0.5 0.6 0.7
Rso 9377 8907 8426
Ca, 2.068 2.098 2.130
tn (kg/sec) 4.448 4.225 3.997
Table 1 provides the zeroth-order solutions for new (original-
clearance) exit wearing-ring seals. The R_o values on the order
of 10,000 are low in comparison to the circumferential Reyn-
olds number Roo = 2HUoo/v which varies along the path, but
is on the order of 250,000. These leakage results were obtained
iteratively starting with guessed values for the seal inlet values
of pressure and tangential velocities and yielding an initial
estimate for Cde. With this estimate for Cde, the leakage is
calculated through the annulus which yields new inlet condi-
tions for the seal. Solutions are "bounced" back and forth
between the seal and the annulus until the same leakage value
is obtained for both flow paths (four-place accuracy).
First-Order Equations
(a) Path-Momentum Equation
_s + UolAzs+ UslA3s
Ou,i .,. uooOust+ u Ous,']+ wT"_"T+_°'-7" 0--'O _o.._--sj=0 (12a)
(b) Circumferential-Momentum Equation
b L''z I Op__2 + uolA_ + uslA3o
Ri r O0
ouot _ UooOuoo Ouo,]
(c) Continuity Equation
--+-- _+ u,t +_o "_'s) =0" (12c)as r 80 "_s
New coefficients in these equations are defined in, Childs
(1987).
Solution Procedure: First-Order Equations
The functions Psi (0, t), Pel (0, t) provide the boundary ex-
citation for the first-order equations. The general form for the
excitation takes the form
e jot inPsi ( O,t ) = wsic cos nO + psts sin nO)
p,i ( O,t) = e in' (Pelt cos nO + Pet, sin nO) (137
where n can reasonably be expected to vary from zero (plane
wave) upwards through multiples of the number of blades in
the impeller. The form of Eq. (137 Suggests that the 0 variation
in boundary pressures is defined in an impeller-fixed coordinate
system, which is precessing at the frequency ft.
The 0 and time dependency of the dependent variables is
eliminated by assuming the comparable, separation-of-vari-
able, solution format
u_t = eJf" (usic cos nO+ um sin not
UOi = eJfi ( Uoic cos nO + Uols sin nO)
P l = e#" (P ic cos nO + p is sin nO) (14)
where the coefficients are solely functions of s, and
f= t']/o_ (! 5)
is the normalized precession frequency. Substituting into Eqs.
(12) and equating like coefficients of cos nO and sin nO yields
six first-order equations in s. Introducing the complex variables
¢_ll t_,/e_l 11d k?lAl_(_.bl 1009
-_sl=usjc+jU, is' -_ol=uot,+juol_ _l=plc+jpls (16)
reduces these real equations to three, complex, ordinary dif-
ferential equations
(17)
where
I B -jnoot/r O(_ffii) 1
nb Ls
[A] = A3o/Uso (A:o +fiT)/Uso " --
,4 nwT _ -J ru_A3s-Buso+JTT z*+J -7"- u_o) 0
(18)
ldr 1 dho (f_n___)B=r _ss+_0-_s , l"=w (19)
Since there is no right-hand side to Eq. (17), the homogeneous
solution is the complete solution and can be stated as follows
in terms of the transition matrix and initial conditions
fo,,,0>)
=t¢ / (20)
_l) LP'(°))
The inlet initial condhion _01(O) is set equal to zero, and
calculation of _sl(O) and _l(O) in terms of the specified bound-
ary conditions is the immediate problem at hand. Substitution
from Eqs. (13) and (147 into Eq. (97 yields
Psi -_1(0) = (1 + _)usl(0)
(21)pl(l)-Pet "=Ca,,u_o(1)_sl(l)
where
Psi : Psic + JPsis
Pei =Peic + jP,ls (22)
From Eq. (20)
_sl(l) = ¢11(l)usi(0) + tl3(l)pl(0)
,_l(l) = _3i(l)_l(0) + 4h3(1)_1(0) (23)
Hence, from Eq. (21) one obtains
{ l 1
_1(I CdeUs0(l)¢il(1) cil3;;(l)-Cadxso(1)llli3(l)
x (_,(O)J = (,,P,i)
(25)
Inversion of this equation yields
" lV,7
_,(o)9 LZ=, z2:_l(._,l)
P,t and _,t cannot be specified independently, and a relation-
ship between the two cannot be established without a knowl-
edge of the fluid system beyond the current terminating orifices.
For the purposes of this discussion, the arbitrary choice
_si = 1, pel=0
is made to examine the influence of pressure perturbations at
the impeller exit (annulus inlet). The resulting set of initial
conditions for Eq. (20) is then
f ,,7
i(0)) t.Z2L) uoi (0) = 0 (26)
The complete solution along the impeller is found by evaluating
Eq. (20) for s_[0, 1].
Transactions of the ASME
18
16 ueo(°) = 0.5_ ,-',// t
14 ue°(O)' = 0.6 ....... "' I
x
_oo(o) = 0.7 .... ," ,.... I
12 • ,' "',_
/J
10 _ ,f
J /,/
i t_ ,,/"
4 t j/
OoL.' .I .2 ,3 ,4 .5 ,6 ,7 .8 .9 I.
S
0[[ ueo(O) = 0.5
_9o[ Uoo(O)o0.6....... ;_
i uoo(O) = o.7 .... ,--_
-_B0 .-" ...-"
2,°i
-36_I .1 .2 .3 .4 .5 .6 .7 .B .9 1.
S
_,(s) complex elgenvector from Childs (1990b); n = 1Fig. 4
NumericaIResults. Childs' (1990b) analysis yields complex
eigenvalues _ and eigenvectors _s_ (s), We, (s), _l(s) for the
system modeled by Eq. (12). Figure 4 illustrates the amplitude
and phase for the first (lowest-natural-frequency) eigenvalue
for n = 1; u0o(0) = 0.5, 0.6, and 0.7. Observe that the peak-
pressure amplitudes lie near the wearing-ring seal, which is
consistent with the internally-melted HPFTP wearing-ring-seal
results cited earlier. Forced, harmonic-response solutions de-
veloped in this study due to impeller-discharge-pressure oscil-
lations also show the largest pressure oscillations to occur near
the wearing-ring seal (s = 0.95); hence, results presented here
focus on _1(0.95). This peak-pressure-oscillation location is
very near the exit-wearing-ring seal of Fig. 3. The first question
to be addressed here is, "How does _(0.95) depend on n, f,
and C,?"
Figure 5 illustrates the amplitude and phase of_(0.95) versus
ffor C, = 0.36ram, n = 5, and u00 = 0.5. As wili be explained
later, the choice n = 5, arises because of the number of impeller
and diffuser blades used in Bolleter et al.'s (1987) pump. The
phase results indicate that numerous resonances exist for po-
sitive values off. However, only the first resonance experiences
significant amplification. The remaining fluid modes are heav-
ily damped.
Figure 6 illustrates I_d0.95)1 for c_ = 0.36mm, n = 5, and
u0o(0) = 0.5, 0.6, and 0.7. The peak-response frequency in-
creases as u0o(0) is increased from 0,5 to 0.6, and a secondary
peak appears around f = 2.5. Increasing u0o(0) from 0.6 to
0.7 causes an additional peak to appear.
Figure 7 illustrates 1_1(0.95)I for Cr = 0.36mm, u00(0) =
0.5, and n = 0, I, 3, 5, and 7. The response is heavily damped
for n = 0, rises sharply as n is increased to one, but then
remains relatively constant as n ranges upwards over 3, 5, and
7. Figure 8 repeats the results of Fig. 7, except for worn clear-
ances; i.e., C, = 0.72ram. Comparisons of Figs. 7 and 8 show
that doubling the clearances reduces pressure amplification and
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I]_,(0.901 versus l; C, - 0.36mm, n - 5, end u_(O) = 0.5, 0.6,
slightly elevates the peak-amplitude-excitation frequency r.
Table 2 shows f" versus n for the new(C, = 0.36mm) and
worn seals(C, = 0.72mm). Note that f" increases more-or-iess
linearly with increasing n.
The questions which now arise are: In u real pump, what
value of n is likely to arise in impeller-pressure-discharge pat-
terns, and what precession frequency is most likely to be present
and dominant? Answers to these questions have been provided
by Boiieter (i988), who presents an analysis for the pressure
waves devdoped by the interaction of impeller and diffuser
vanes or impeller vanes and volutes. For an impeller with n_
vanes and a diffuser with nz vanes, Bolleter shows that a ro-
tating pressure wave is developed around the impeller exit with
n = In_ - n_l diametral nodes, If n, > n2 the pressure wave
rotates in the direction of the pump with the frequency n_w/
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Table 2 f ° (peak-excitation-amplitude frequency) versus n
for uoo(0) = 0.5
n 1 2 3 4 5 6 7
(7, = 0.36mm 0•3 0.8 1.4 2.1 2.9 3.6 4.2
C, = 0.72mm 0.3 0.9 1.6 2.4 3.1 3.8 4.4
Fig. 7
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n
E_l•e
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NONOIMENSIONAL EXCITATION FREOUENCY
1_1(0.95)1 versus fforn = 0, 1, 3, 5, 7; C, = 0.36mm, and u,o(0)
Fig. 8
= 0.5
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n
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1_1(0.95)1 versus fforn= 0, 1, 3, 5, 7; C, = 0.72mm, and u,o(0)
n. If n= < nz the precessional frequency is - n=oJ/n. Note that
n, the number of diametral nodes, cited by Bolleter is the same
n used in Eq. (13) for the pressure excitation. Further, in terms
of Eq. (13), fi = ±n=_/In, - n2l. Tyler and Sofrin 0962)
earlier developed this same result in analyzing the noise gen-
erated by the interaction of a rotor and stator in axial com-
pressors of gas turbines.
Boileter et al.'s pump 0987) used 12 diffuser blades, and
the impeller of Fig. 3 has 7 blades• Hence, from Bolleter (1988),
n -- 17 - 12l = 5, and fl = -7_/5 = - 1.4_. If the impeller
were mounted in a double volute, n = 17 - 21 = 5, and fl
= 7_/5 = 1.4oJ. From Fig. 5 (n = 5, ueo(0) = 0.5), ampli-
fication for f = - 1.4 and 1.4 is 0.23 and 0.5, respectively.
Hence, pressure disturbances from the impeller would generate
pressure oscillations about twice as large in a double volute as
in a 12-vaned diffuser. However, in either case, because the
predominant frequency is well removed from the peak-am-
plitude-excitation frequency f" = 2.9, impeller pressure dis-
turbances would actually be attenuated by the annulus.
From Bolleter's equations, and the results of Figs. 5 through
7, significant amplification of impeller-discharge-pressure var-
iations will only arise when the number of impeller blades
exceeds the number of diffuser (or volute) blades, yielding a
positive normalized precession frequency.
f+=n,ln=nl/(nl-n2) (27)
Table 3 Dominant normalized precession frequency f + and peak-ex-
citation-amplitude frequency f • versus n_ and n2; u_(0) = 0.5
nl n_ n /'+
8 1 7 1.14
2 6 1.33
3 5 1.60
4 4 2.0
5 3 2.67
6 2 '1
? 1 8
? 1 6 1.16
2 5 1.40
3 4 1.75
4 3 2.33
5 2 3.5
6 1 7.0
6 1 5 1.2
2 4 1.5
3 3 2.0
4 2 3.0
5 1 6.0
5 I 4 1.25
2 3 1.67
3 2 2.8
4 1 5.0
(O,=0.$Smm} (C,=O.$2mm)
4.2 4.4
3.6 3.8
2.9 3.1
2.1 2.4
1.4 1.6
0.8 0.9
0.3 0.3
3.6 3.8
2.9 3.1
2.1 2.4
1.4 1.6
0.8 0.9
0.3 0.3
2.9 3.1
2.1 2.4
1.4 1.6
0.8 0.9
0.3 0.3
2.1 2.4
1.4 1.6
0.8 o.g
0.3 0.3
Fig. g
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0.0 ¸.................
-4.0 -2.0 0.0 2.0 4.0 6.0
NONOIMENSIONAL EXCITATION FREQUENCY
1_,(0.95)1 versus f; n = 3, u_(0) = 0.5; C, = 0.36 and 0.72mm
Moreover, for significant amplification within the leakage an-
nulus,f + must lie near f*, the peak-amplitude excitation fre-
quency. Table 3 shows the variation off + and f" for various
combinations of n_ and n_. The case of n, = 8 (eight-bladed
impeller) and n_ = 4 (four-bladed diffuser) yields a close prox-
imity off* = 2.1, 2.4 to f+ = 2.0; however, this is an
unrealistic combination. For a practical configuration, the
nondimensional frequenciesf + = 1.67andf °= 1.6areclosest
for n, = 5(five-bladed impeller) and n_ = 2(double-discharge
volute). Figure 9 illustrates 1_(.95)l for U_o(0) = 0.5 and n
= 3, confirming the predictions of Table 3. An amplification
by a factor of 2.6 is predicted for new clearances and 3.2 for
worn clearances.
Numerical Uncertainty. The numerical uncertainty issue
for the results presented concerns the numerical integration of
Eq. (17). The results presented were obtained with a fourth-
order Runge-Kutta integrator package using 200 integration
steps for the interval [0, 1]. Repeating these calculations with
400 integration steps yielded the same results to about three
significant figures.
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Summary and Conclusions
An analysis has been developed and results presented for
the pressure oscillations in the leakage annulus between a
shrouded pump impeller and its housing. These pressure os-
cillations are driven by a circumferential variation of the im-
peller discharge pressure which can precess either in the same
or opposite to the direction of rotation. The circumferential
variation can be modeled with a Fourier decomposition with
each mode having n diametral nodes across the impeller. The
peak-pressure oscillations within the impeller are predicted to
occur near the exit wearing-ring seal in association with a
centrifugal-acceleration-mode response of the fluid within the
annulus (Childs, 1988, 1990b). The peak-amplitude-excitation
frequency increases linearly with n. Using BoIleter's 0988)
work which provides a dependency of n and the precessional
frequency on the number of impeller (n0 and diffuser (n2)
blades, situations are presented which can yield large ampli-
fications (or significant attenuation) of impeller discharge var-
iations. The occurrence and nature of the pressure oscillations
are shown to depend on: (a) the tangential-velocity ratio of
the fluid entering the seal, (b) the order of the Fourier coef-
ficient, (c) the closeness of the precessional frequency of the
rotating pressure field to the first natural frequency of the fluid
annulus, and (d) the clearance of the wearing-ring seal.
The present results suggest an explanation for the internal
melting observed on SSME HPFTP seal parts. However, given
liquid hydrogen's significant compressibility, a more complete
analysis, including fluid compressibility, is in order.
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